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Abstract

In this paper, the Lattice Boltzmann Method (LBM) is applied to simulate incompressible steady low Reynolds number backward-facing step
flows. The investigated Reynolds number range is limited to a maximum value of Re = 200. The field synergy principle is applied to demonstrate
that the increased interruption within the fluid caused by the introduction of the cylinder will reduce the intersection angle between the velocity
vector and the temperature gradient. Furthermore, the numerical results compare with the experiment data and confirm the relationship between
the velocity vector and temperature gradient predicted by the field synergy principle.
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1. Introduction

In recent years, the Lattice Boltzmann Method (LBM) has
emerged as an alternative, computational technique for simu-
lating fluid flows and modeling the physics of fluids [1]. The
macroscopic method for computational fluid dynamics (CFD)
is usually solving the Navier—Stokes equations to obtain the
velocity and pressure fields. But the LBM is based on micro-
scopic models and mesoscopic kinetic equations. These algo-
rithms attempt to model a fluid by simulating a discretized
single-particle phase space distribution function similar to that
described by the traditional Boltzmann equation. The LBM
numerically solves the kinetic equation (the Boltzmann BGK
equation) for the single-particle distribution function. The fun-
damental concept of the LBM is to construct simplified kinetic
models which incorporate the essential physics of microscopic
or mesoscopic processes such that the macroscopic averaged
properties obey the desired macroscopic equations.

The use of the Lattice Boltzmann equation as a numerical
scheme was first proposed by McNamara and Zanetti [2]. This
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equation neglects the motion of individual particles and results
in a smooth macroscopic behavior. Higuera et al. [3,4] intro-
duced a linearized collision operator to simplify the scheme
and eliminate statistical noise. A particularly simple linearized
version of the collision operator is the Bhatnagar—Gross—Krook
collision operator [5], which uses a single relaxation time pa-
rameter. The relaxation term is known as the BGK operator
and the corresponding model is referred to as the Lattice Boltz-
mann BGK model. The BGK collision operator greatly acceler-
ates the computation process. Due to its extreme simplicity, the
Lattice BGK (LBGK) equation [6,7] has emerged as the most
widely employed version of the Lattice Boltzmann model.

Since the method typically uses uniform regular Cartesian
lattices in space, curved boundaries are generally approximated
by a series of stairs. However, this approximation leads to a
reduction in the computational accuracy. Accordingly, an ap-
proach for curved walls has recently been proposed by Filip-
pova and Hanel [8] based on an improvement of the bounce-
back rule. The numerical stability was further improved by Mei
et al. [9] with a revision expression for A < % Guo [10] ex-
tended the extrapolation scheme proposed by Chen et al. [11]
to develop a new treatment for curved boundaries.

The study of backward-facing step flow constitutes an im-
portant branch of fundamental fluid mechanics. The interest in
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Nomenclature

c lattice streaming speed
Cs speed of sound
Cp specific heat capacity
La energy distribution function
ER channel expansion ratio, H/h
Ju density distribution function

-°4 equilibrium distribution function for f
fon equilibrium distribution function for g,
H channel width downstream of step
h step height
k thermal conductivity
Nu Nusselt number
Nu average Nusselt number
Pr Prandt]l number
p pressure
Re Reynolds number
T temperature
U maximum velocity in inlet

1% velocity vector

XRr reattachment location

Greek symbols

T relaxation time for f,

Tc relaxation time for gy

€ internal energy

X diffusivity

P density

v kinematic viscosity

8 small parameter

8x lattice spacing

ot time step

0 intersection angle between velocity and temperature
gradient

Subscripts

m mean

w wall

such a flow was intensified with the experimental and numerical
work of Armaly et al. [12]. They presented a detail experimental
investigation in a backward-facing step geometry for an expan-
sionratio ER = 1.9423 and Reynolds numbers up to Re = 8000.
The main characteristic of flows of this type is the formation of
arecirculation region immediately downstream of the step. This
flow pattern has a large number of practical engineering ap-
plications, including airfoils, electrical devices, diffusers, and
combustors. Kondoh [13] used a traditional CFD method to
simulate laminar heat transfer in a separating and reattaching
flow. The numerical results were found to be in good agreement
with the experimental data of Aung [14] and Hall [15].
Drawing an analogy between heat convection and heat con-
duction, Guo [16] and Wang [17] studied the mechanisms of
convective heat transfer and proposed a novel approach for en-
hancing convective heat transfer under a parabolic fluid flow
structure. The convection term can be transformed into a dot
product of the velocity vector and the temperature gradient. The
convective heat transfer can be enhanced by raising the value of
the integral of convective term over the thermal boundary layer.
This novel approach was aimed at improving the uniformity of
the velocity and temperature profiles and reducing the intersec-
tion angle between the dimensionless velocity vector and the
temperature gradient. Guo [16] referred to this approach as the
field synergy (coordination) principle and Tao [18,19] extended
the concept from parabolic to elliptic fluid flows and to other
transport phenomena. Guo [20] defined the field synergy num-
ber as an indication of the synergy degree between velocity and
temperature field for the entire flow and heat transfer domain.
The objective of this study is to analyze the velocity and tem-
perature fields of incompressible steady low Reynolds number
backward-facing step flows. The flow is investigated both with
and without the insertion of the cylinder downstream from the

step. The computed results are then compared with the pub-
lished experimental and numerical results.

2. Lattice Boltzmann equations

2.1. Lattice Boltzmann equations for density and velocity
fields

This study simulates the steady backward-facing step flow
using the 9-velocity LBM model with a 2D square lattice, des-
ignated the D2Q9 model. In this model, ¢ = 8x/§t = 8y /4t is
the lattice streaming speed and éx and §y are the grid spacings
in the x- and y-directions, respectively, and correspond to the
distance which a particle moves in each time step of the LBM
simulation. The discrete velocities for the D2Q9 model are de-
fined as:

ey =(0,0), a = 0, rest particle
ey = (£c, 0), (0, £0), a=1,2,3,4
Z()t=(:l:c7 :l:c)’ a=5’6’778 (1)

The governing equation for the density distribution function
is given by:

fa(X + €481, 1 +8t) — fo(X, 1)

[fueG 1) — fAE D] 2)

1
=
where 1, characterizes the relaxation time of the density distri-
bution function towards the local equilibrium fy . The equilib-
rium density distribution is expressed as:

32,V 9(8-V)2 3V2
fo?q:wap[H ‘Zz 42 V) ———} 3)
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1
wa=§ foraee=1,2,3,4

fora« =5,6,7,8

Wy = ——

36
The macroscopic density and velocity are calculated from:

p=1) fu )
o
PV =Y éufa ©)
o

Adopting the same procedure as that employed by Hou et al.
[21], the continuity and Navier—Stokes equations can be de-
rived through the Chapman—Enskog expansion of the density
distribution function. The details of this derivation are provided
in [21]. The Navier—Stokes equation and continuity equation
are then given by:

dp+V-(pV)=0 (6)
% (pV)+V - (pV V)
=—Vp+v[VV) +V(V- (pV))] ©)

where p = cs2 p is the pressure, derived from the equation of
state for an ideal gas, c; = ¢/+/3 is the speed of sound, and the
kinematic viscosity is given by:
2o, — 1) (6x)?
Ve ———— ———
6 ot

The Mach number is defined as M = V /¢s. A low Mach
number assumption can be invoked as the nearly incompress-
ible limit is approached, i.e. M < 1. The incompressible conti-
nuity equation and Navier—Stokes equation are expressed as:

®)

V.V=0 ©)

- = Vp 25
#V+V.VV=——41vV7V (10)
0

2.2. Lattice Boltzmann equation for temperature field

In general, previous thermal Lattice Boltzmann models fall
into two distinct categories: the multi-speed approach [22] and
the double distribution function models [23,24]. The multi-
speed approach is a straightforward extension of the isothermal
model, but suffers severe numerical instability and it needs a
large set of discrete velocities. The temperature variation is
limited to a narrow range and a fixed Prandtl number. The pas-
sive scalar approach [23] utilizes the fact that the macroscopic
temperature satisfies the same evolution equation as a passive
scalar. However, it neglects viscous heat dissipation and the
compression work done by pressure. Finally, although the ther-
mal energy distribution model [24] is an adequate tool for solv-
ing real thermal problems, it suffers a number of shortcomings.
For example, it contains a complicated gradient operator term
in the evolution equation for the temperature, and hence the
simplicity characterizing the LBM is lost. Furthermore, since
viscosity is involved not only in the momentum equation, but
also in the energy equation, additional variables for the ther-
mal energy distribution function must be introduced in order

to ensure that the viscosity remains consistent in the govern-
ing equations of the thermal energy distribution model and to
avoid implicitness of the schemes [24]. Consequently, the cur-
rent study employs the simplified thermal model proposed by
Peng et al. [25] for simulation purposes. This model considers
that the compression work done by the pressure and the viscous
heat dissipation can be neglected for incompressible flow, and
hence the gradient term used to recover these terms through the
Chapman-Enskog expansion can be dropped from the evolu-
tion equation.

The governing equation of the simplified thermal energy dis-
tribution model is given by:

8a(X +248t, 1 +8t) — go (X, 1)

1 > eq, -
=——[ga(¥. 1) — g (%, 1] (11)

Tc

According to He et al. [24], the equilibrium energy distribu-
tion functions, g, can be written as:

2p¢ V2

g8q=—TC—2 12)
Lo L o

e« PE[3 38V  9@-V) 3V

gmr?[i*i o T a T P
Y, Ty 772

eq _pE eV 9(ey-V) 3V

85,6,7,8—g[3+6 2t a T3z (14)

where ¢ = DRT /2, in which R is the gas constant and D is
the dimension. The macroscopic temperature can then be cal-
culated by:

pe=) (15)

Using the procedure presented by Hou et al. [21], the
Chapman-Enskog expansion for the new thermal energy dis-
tribution function can be used to recover the macroscopic en-

. . 0) eq .
ergy equation. Using g5~ rather than g,', and expanding g,
about géo) , it can be shown that:

g =28y 08 + 887 +0(8) (16)

where § is the expansion parameter. To investigate changes
in different time scales, fo and ¢; are introduced as ty = ¢,
t; =68t, ...; such that:

O = 00 + 801 + 8202 + - - a7
The first-order expansion of Eq. (11) is:
- 1
T (18)
c

The second-order expansion of Eq. (11) is:

C

1 - 1

gy + (1 N T)(am +é Vg =——¢? (19)
T 7

Summing Eqgs. (18) and (19) gives:

di0(pe) +V - (pVe) =0 (20)

1 1
91(pe) + <1 — —)m ) =0 (1)
27,

C
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where TV = —%‘L’CV2(,08). Combining Egs. (20) and (21), the
energy equation can be obtained as:

% (pe) +V - (pVe) = xV2(pe) (22)
Furthermore, the diffusivity, x, is determined by:

2 1
x=3 (rc — E)St (23)

Egs. (2) and (11) should both be solved using a two-step
procedure, i.e. a collision step followed by a streaming step.
The streaming step requires little computational effort since it
simply advances the data from the neighboring lattice points,
while the collision step is completely localized.

3. Boundary Conditions Treatment in LBM

A difficulty inherent in the LBM is that the boundary con-
ditions for the distribution function are not known beforehand.
It is therefore necessary to construct suitable conditions for f,
and g, based on the macroscopic flow variables. The simula-
tions performed in this study consider three specific cases.

Case A: The thermal boundary condition is the same as that
presented by Kondoh [13], i.e. the step-side lower wall
downstream of the step is maintained at a constant
temperature higher than that of the inlet temperature,
while the remaining part of the wall is considered adi-
abatic.

Case B: A constant high inlet temperature with the walls at a
constant lower temperature.

Case C: A cylinder inserted in the backward-facing step flow.
The thermal boundary conditions are the same as those
of case B. The inserted cylinder is assumed to be ther-
mally isolated such that they play no role in heat trans-
fer, but serve only to interrupt the flow. As shown in
Fig. 1, the cylinder is located at a distance of 5/6 H
downstream from the step and in the middle of the y
direction.

A uniform grid is used throughout the current numerical sim-
ulations. The convergence criteria in each run are as follows:

S IV it +80) = Vi .0l

= <1.0x 1078 (24)
Y i IV 0l
i 1T (i j 0 +81) = T(xi g, Dl
21 I3 b <1.0x 1078 25)
Zi,j T (xi,j, Dl

where || * || is the L norm.

— sh

I 5/6H

=

Fig. 1. Geometry of backward-facing step with a cylinder.

3.1. Boundary conditions of velocity field

A constant velocity flow of 0.05 is applied at the inlet. The
velocity is specifically chosen to be less than 10% of the speed
of sound to avoid generating significant compressibility effects,
which are known to increase with the square of the Mach num-
ber. Using the bounce-back rule of the non-equilibrium distri-
bution proposed by Zou and He [26], the equilibrium density
distribution function is computed from the pressure and the
given velocity and imposed at the first lattice column. At the
outlet, a fixed pressure is imposed in terms of the equilibrium
distribution function. The velocity components are extrapolated
upstream.

The bounce-back rule of the non-equilibrium distribution
proposed by Zou and He [26] is used for the no-slip bound-
ary condition at the wall. The density distribution function at
the boundary must satisfy the following condition:

fua™t = 1y (26)

where e, and eg have opposite directions. The velocity at the
wall is used when calculating f°9 for the boundary nodes in
order to enforce the no-slip boundary condition.

3.2. Boundary conditions of temperature field

For the thermal problem, the thermal energy distribution
function at the boundary satisfies:

gl —erfa i =—(gg " —ep S5 27)

The temperature of the wall is used when calculating g®9 for
the boundary nodes in order to satisfy the given temperature.
This study imposes Neumann and Dirichlet boundary condi-
tions for the temperature field. For the Dirichlet type condi-
tion, the given temperature is applied directly on the boundary.
Meanwhile, the Neumann type condition is transferred to the
Dirichlet type condition through the conventional second-order
finite difference approximation in order to obtain the temper-
ature at the boundary [27]. When the temperature gradient is
given, the temperature at the boundary can be calculated by:

AT | =31 +4T 2 —Tis
9y ly1 2Ay

(28)

Eq. (28) yields the corresponding Dirichlet type boundary
condition for both the adiabatic and constant heat flux boundary
conditions.

3.3. Boundary condition treatment of cylinder

This study applies the boundary treatment proposed by
Guo [10] to the cylinder inserted in the channel downstream of
the backward step. Basically, this boundary treatment decom-
poses the distribution function, f,, at a wall node into equi-
librium and non-equilibrium parts. The non-equilibrium part is
approximated by that of the neighboring fluid node along the
link, while the equilibrium part is determined by an imaginary
equilibrium distribution where the boundary condition is en-
forced. As shown in Fig. 2, the link between the fluid node, ¥ 1



986 C.-K. Chen et al. / International Journal of Thermal Sciences 45 (2006) 982—989

4 d -

physical
boundary w”wall node

boundary
node

B ? ?
Fig. 2. Curved boundary and lattice nodes.

and the wall node, X, intersects the physical boundary at Xp.
The fraction of the intersected link in the fluid region is defined
as:
(X = X))
(1Xf — Xul)
In order to specify fy(Xy,1?), it is necessary to decompose
fu (X, 1) into fu' (X, 1) and f2°(%,, t). Rather than using the
original definition of the equilibrium density distribution given
in Eq. (3), the equilibrium part, f(fq (Xw, 1), can be defined ap-
proximately as:

fo Gy, 1)

(29)

3201 ° ‘7w 9 (Ea . ‘711))2
:wo,,ow|:1 + c? 2 A

2
Yiy
2

3
2¢

} (30)
where V,, is an approximation of V,y = V(%) and pw = p(Xr)
is an approximation ofp,, = o(xy). Tt is reasonable to deter-
mine Vw_) via linear_extrapolaltion using eithler Vuwl = (Vp +
(A—=1)Vy)/Aor Vyr=QVy+ (A —1)Vysr)/(1 + A) and
Vi =Vui = (Vp 4+ (A = 1)V f)/A for A >0.75 and V,, =
A\7w1 +(1 - A)sz for A < 0.75. Guo [10] proposed the non-
equilibrium part as f3°(X,, 1) = f2¢(Xy, 1) for A > 0.75 and
FI X, ) = Afy°(Xp 1) + (1 — A) f2¢(Xr, 1) for A < 0.75.
Finally, the post-collision distribution function, f(j' (Xw, 1), can
be obtained as:

fof Guo ) = fo G 1) + (1= 1/7) f5° (R, 1) €20)
The thermal boundary condition of the cylinder is adiabatic.
Based on the fraction of the intersected link in the fluid re-

gion A, the temperature of X can be approximated by inter-
polation of the neighboring points.

4. Results and discussions

4.1. Overview of velocity field

The simulations in the current study were performed using a
uniform rectangular mesh (801 x 61). The channel expansion

T 1T | 1T 171 | T 177 ‘ T T17 | L | T 1T T 1 |
-1 0 1 2 3 4
x/h

(b)

(T T T T [ T T T T [ T T T T [T T T T [T T T T[T T T 71]
-2 -1 0 1 2 3 4

Fig. 3. Velocity field (ER = 2, Re = 170) for: (a) no obstacle, (b) with a cylinder.

ratio (ER) was defined as H/h (see Fig. 1) and the Reynolds
number (Re) of the flow as 4U (H — h) /3v, where U is the max-
imum velocity in the inlet. The velocity vector plots in Fig. 3(a),
corresponding to the case where the cylinder is not present in
the flow, provide an overall view of the flow for ER =2 and
Re = 170. As expected in a backward-facing step flow, a re-
circulation zone is formed behind the step. The location of
the reattachment point is found to be Xg/h = 3.18 and 5.5 at
Reynolds numbers of Re = 100 and 200, respectively. These re-
sults differ from the experimental findings of Armaly et al. [12],
who reported reattachment locations of Xz/h = 3.1 and 5.4 at
Re = 100 and 200, respectively. The discrepancy between the
two sets of results can be attributed to the slight difference in the
geometric configuration of the flow. However, the present nu-
merical results are similar to those of He [28],1.e. Xg/h =3.15
at Re = 100. As expected, with increasing Reynolds number the
length of flow redevelopment downstream of the step increased.
Figs. 3(b) show the velocity vector fields when a cylinder is
inserted into the channel. It is apparent that the introduction of
the cylinder causes a narrowing of the main recirculation region
as a result of the interruption within the flow. There also has a
small recirculation zone behind the cylinder. The overall flow
structure is in good agreement with that predicted intuitively.

4.2. Overview of temperature field

Case A imposes the same boundary condition as that consid-
ered by Kondoh [13]. Fig. 4 shows the influence of the Reynolds
number on the local heat transfer coefficient distribution on the
heat transfer surface for conditions of ER = 1.5 and Pr =0.7.
It can be seen that as the Reynolds number increases, the peak
value of Nu not only increases, but also moves downstream.
The downstream shift of this peak value is most likely related
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2
B Present study T. Kondoh[13]
A Re=10
O Re=20
15 O Re=50

054

x/h

Fig. 4. Comparison of present Nusselt number results with those of Kondoh
[13] for case A (ER = 1.5, Pr=0.7).

1.5

—2A—— Re=35
—F—— Re=65
= —+—— Re =105
——O&—— Re=135
—&—— Re =170

x/h

Fig. 5. Effect of Reynolds number on Nusselt number for case B (ER = 2,
Pr=0.7).

to a corresponding movement of the flow attachment length.
From Fig. 4, it is clear that the present numerical data are in
good agreement with the results of Kondoh [13] other than in
the vicinity of the step.

Fig. 5 shows the influence of the Reynolds number on the
local heat transfer coefficient distribution on the heat transfer
surface for case B (a constant temperature wall boundary con-
dition). Although the results display a broadly similar trend to
those shown in Fig. 4, the results obtained for the Nusselt num-
ber are somewhat different near the step because of the different
thermal boundary conditions applied. Due to the different ther-

— A Re=35
— 88— Re=65
B — +—Re=105
— & Re=135
— o Re=170

x/h

Fig. 6. Effect of Reynolds number on Nusselt number for case C with a cylinder
(ER=2,Pr=0.7).

mal boundary condition and Reynolds number definition, the
corresponding Nusselt number is also different. But the move-
ment of the peak values of Nusselt number still related to the
movement of the flow attachment length.

Fig. 6 shows the influence of the Reynolds number on the
local heat transfer coefficient distribution for case C, with a
cylinder inserted in the flow. It can be seen that the local Nu
values are higher than in the case when no obstacles are present
in the flow. In other words, the convective heat transfer perfor-
mance is improved. The presence of the cylinder in the flow
changes the velocity field and compresses the thermal bound-
ary layer, which enhances the heat transfer. The enhancement
effect is particularly evident at higher Reynolds numbers.

Fig. 7 shows the variation of the average Nusselt number
with the Reynolds number with and without the cylinder. It is
observed that the cylinder enhance the thermal performance,
particularly when the Reynolds number is high. From inspec-
tion, the thermal performance is found to increase by approxi-
mately 33% at Re = 170.

4.3. Numerical verification of field synergy principle

Three mechanisms are responsible for enhancing the single-
phase convective heat transfer, namely an increased flow in-
terruption, a reduced thermal boundary layer thickness, and an
increased velocity gradient near the solid wall [18]. These three
mechanisms lead to a reduction of the intersection angle be-
tween the velocity vector and the temperature gradient. This
section of the paper compares cases B and C to illustrate the
inherent relation between the field synergy principles and to
demonstrate that increasing the flow interruption enhances the
single phase convective heat transfer. It also indicates that the
heat transfer rate depends not only on the flow and temperature
fields, but also on their synergy.
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1
——©&—— with circular obstacle
—2A—— without obstacle
08 —
06 —
| =
04 —
0.2 —
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0 40 80 120 160 200

Fig. 7. Effect of Reynolds number on average Nusselt number with and without
a cylinder.

Base on an analog between the heat conduction and heat
convection mechanism, convection heat transfer is essentially
the heat conduction with fluid motion [16,17,29]. Eq. (32)
which derived from [16,17] provides a general insight into con-
vective heat transfer. This equation suggests that the heat trans-
fer can be enhanced in one of three ways, namely increasing the
Reynolds and Prandtl numbers, increasing the fullness of the di-
mensionless velocity and temperature profiles, and increasing
the intersection angle between the dimensionless velocity and
temperature gradient vectors:

Repr/(V.VT)dy=Nu (32)
V.VT =|V||[VT|cosf (33)

where in Eq. (33) 6 is the intersection angle and 6, is the aver-
age intersection angle between the velocity vector and the tem-
perature gradient in the computation domain. If the local value
of 6 is greater than 90°, its value is taken as (180° — 6) when
added to the summation of the intersection angle [18]. Fig. 8
shows the variation of the average intersection angle with Re
both with and without the cylinder. An enhanced synergy is ob-
tained by decreasing the intersection angle between the velocity
vector and the temperature gradient. From Fig. 8, it is seen that
this can be achieved by increasing the interruption within the
flow. As the intersection angle reduces by approximately 3 de-
grees, the average Nusselt number increases by approximately
33% for Reynolds numbers below Re = 170. If the concept of
the field synergy principle does not apply to heat transfer, the
only indicator of the heat transfer performance is the Nusselt
number. However, the synergy principle provides an alterna-
tive index for evaluating the heat transfer performance. In the
theory, the optimal heat transfer can be obtained at an inter-
section angle of 0 degrees. In practice, the intersection angle

84

——6&—— with circular obstacle
B —=2— without obstacle

Intersection angle

72 —

68 |—

0 40 80 120 160 200

Re

Fig. 8. Effect of Reynolds number on average intersection angle with and with-
out a cylinder.

is determined by the geometry of the channel and the bound-
ary conditions imposed. So the field synergy principle is a new
direction to assess the heat transfer performance.

5. Conclusions

This study has simulated low Reynolds number backward-
facing step flows using a single-relaxation-time model based on
the D2Q9 LBM model. The numerical results obtained for the
velocity and temperature fields are in good agreement with the
published experimental and numerical results. The simplified
thermal model applied in this paper is easy to use and indeed
an appropriate LBM thermal model for performing accurate
simulations of incompressible thermal fluid flows. The results
have shown that inserting cylinder enhances the convective heat
transfer as a result of flow interruption and thermal boundary
layer compression effects. The results have indicated that in-
creasing the cylinder is beneficial in enhancing the heat transfer
and leads to a reduction in the intersection angle between the
velocity vector and the temperature gradient.
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